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1. I n t r o d u c t i o n  

An i m p o r t a n t  a s p e c t  o f  t h e  s t r u c t u r a l  d e s i g n  of a launch 

v e h i c l e  i s  the  d e t e r m i n a t i o n  o f  t h e  p r o b a b i l i t y  t h a t  t h e  v e h i c l e  

w i l l  s u r v i v e  i t s  f l i g h t  through t h e  a tmosphere ,  I f  f o r  each  

component of the s t r u c t u r e  t h e  c r i t i c a l  l o a d  which w i l l  cause  

t h e  component t o  f a i l  has been de te rmined ,  t h e n  t h e  p r o b a b i l i t y  

o f  s u r v i v a l  o f  t h e  v e h i c l e  i s  t h e  p r o b a b i l i t y  t h a t  none o f  these 

c r i t i c a l  l o a d s  w i l l  be exceeded d u r i n g  i t s  f l i g h t ,  

For  f i n a l  d e s i g n  purposes  the  c u r r e n t  p r a c t i c e  i s  t o  

d e t e r m i n e  t h e  p r o b a b i l i t y  o f  f a i l u r e  o f  & g i v e n  s t r u c t u r a l  

component from a " s t a t i s t i c a l  load survey1'!'' A large number 

of r e p r e s e n t a t i v e  wind p r o f i l e s  are assembled, and f o r  each  

o f  them the  co r re spond ing  time h i s t o r y  o f  t h e  l o a d  a p p l i e d  t o  

t h e  g i v e n  component i s  computed, If t h e  c r i t i c a l  l o a d  i s  

exceeded  i n  n% of  t h e  r e c o r d s  t h u s  o b t a i n e d ,  t h e  p r o b a b i l i t y  

of f a i l u r e  o f  t h e  component i s  estimated t o  b e  n/100 and t h e  

c r i t i c a l  l o a d  i s  s a id  t o  b e  an n% l o a d ,  

While t h i s  method i s  s t r a i g h t f o r w a r d ,  i t  makes only  a 

very  l i m i t e d  use  of  t h e  s t a t i s t i c a l  i n f o r m a t i o n  a v a i l a b l e  from 

4- t -  U L ~  Luau l e - A  "...nl.ht, o u r v G y ,  Since the p r n b a b l l i t y  of s u r v i v a l  of a g iven  

s t r u c t u r a l  component has t o  b e  larger  t h a n  t h e  p r o b a b i l i t y  

o f  s u r v i v a l  of t h e  e n t i r e  v e h i c l e ,  one s h o u l d  e x p e c t  t o  have 

t o  c o n s i d e r  i n  many cases  l o a d s  o f  1% o r  l e s s ,  T h i s  means t h a t ,  
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i n  o r d e r  t o  o b t a i n  a r e l i a b l e  estimate o f  t h e  p r o b a b i l i t y  of 

f a i l u r e  o f  a component, one w i l l  have t o  de t e rmine  t h e  time 

h i s t o r y  o f  t he  l o a 6  f o r  s e v e r a l  hundred r e p r e s e n t a t i v e  wind 

p r o f i l e s .  

I n  t h e  f irst  p a r t  of t h i s  paper  we s h a l l  p r e s e n t  a method 

which makes a more e f f e c t i v e  u s e  of  t h e  i n f o r m a t i o n  c o n t a i n e d  

i n  t h e  s t a t i s t i c a l  l o a d  s u r v e y s ,  As a r e s u l t ,  fewer r e c o r d s  

w i l l  b e  r e q u i r e d  t o  de te rmine  t h e  p r o b a b i l i t y  o f  f a i l u r e  o f  a 

g i v e n  s t r u c t u r a l  component. I f  ‘ c e r t a i n  r e q u i r e m e n t s  are met, 

i t  w i l l  even  be p o s s i b l e  t o  d e t e r m i n e  t h i s  p r o b a b i l i t y  from g roups  

e x  cee de d o f  r e c o r d s  i n  which t h e  c r i t i c a l  l o a d  was n e v e r  

I n  t h e  second p a r t  o f  t h e  p a p e r  we s&,all  s,,ow how t h e  use 

o f  a s t a t i s t i c a l  l o a d  survey  may b e  avo ided  a l t o g e t h e r  when the  

l a u n c h  v e h i c l e  may be  assumed t o  c o n s t i t u t e  a l i n e a r  s y s t e m ,  

The p r o b a b i l i t y  of s u r v i v a l  o f  t h e  v e h i c l e  may t h e n  b e  deter-. 

mined d i r e c t l y  from t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e  wind 

p r o f i l e s  
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I. De te rmina t ion  of t h e  S u r v i v a l  P r o b a b i l i t y  o f  t h e  
Veh ic l e  f rom C e r t a i n  S t a t i s t i c a l  Parameters o f  
i t s  Response,  

2 ,  Fo rmula t ion  o f  t he  Problem 

L e t  q ( z )  be t h e  l o a d  a p p l i e d  t o  a s t r u c t u r a l  component 

o f  the  v e h i c l e  as t h e  v e h i c l e  r e a c h e s  the  he igh t  z d u r i n g  

a g i v e n  f l i g h t ,  Assuming that  f a i l u r e  o f  t h e  component w i l l  

o c c u r  i f  a c r i t i c a l  v a l u e  of t h e  l o a d  i s  r eached  d u r i n g  t h e  

f l i g h t ,  we n o t e  t h a t  t h e  p r o b a b i l i t y  of s u r v i v a l  o f  t h e  

component i s  t h e  p r o b a b i l i t y  t h a t  t h e  n o n s t a t i o n a r y  random 

f u n c t i o n  q ( z )  w i l l  n o t  cross t h e  l e v e l  q = a o v e r  t h e  i n t e r v a l  

O<zcz,, where zm i s  t h e  maximum h e i g h t  r eached  by t h e  v e h i c l e .  

Assuming no  i n t e r a c t i o n  betwe'en t h e  v a r i o u s  components of  t h e  

v e h i c l e ,  t h e  p r o b a b i l i t y  o f  s u r v i v a l  o f  t h e  v e h i c l e  i t s e l f  

may t h e n  be o b t a i n e d  by forming the  p r o d u c t  o f  t h e  s u r v i v a l  

p r o b a b i l i t i e s  of i t s  components, We s h o u l d  n o t e  t h a t  t h e  above 

approach  t o  t h e  problem may be e x t e n d e d  t o  i n c l u d e  f a i l u r e  

c r i t e r i a  o t h e r  t h a n  c r i t i c a l  " l o a d s " ,  These c r i t e r i a  cou ld  

i n v o l v e  s t r u c t u r a l  pa rame te r s  such  as bending  moments, s t resses ,  

o r  displ 'acements .  

f u n c t i o n  q( z )  w f l l  r e p r e s e n t  t h e  v a r i a t i o n  d u r i n g  t h e  v e h i c l e ' s  

F l i g h t  of some s i g n i f i c a n t  b u t  u n s p e c i f i e d  s t r u c t u r a l  parameter 

a16 will simply b e  referred t o  as t h e  " re sponse"  o f  t h e  v e h i c l e ,  

T h e r e f o r e ,  i n  t h e  f o l l o w i n g  d i s c u s s i o n  t h e  

L e t  u s  d e n o t e  by Pa(z)dz t h e  p r o b a b i l i t y  computed o v e r  

an  ensemble o f  r e c o r d s  t h a t  t h e  r e sponse  q ( z )  w i l l  exceed  t h e  
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l e v e l  q = a f o r  the  first time between t h e  e l e v a t i o n s  z and 

z + dz ,  The sum of  these p r o b a b i l i t i e s  as z v a r i e s  from 0 

t o  z, y i e l d s  t he  p r o b a b i l i t y  of f a i l u r e  of t h e  component unde r  

c o n s i d e r a t i o n  ; t h e  p r o b a b i l i t y  of s u r v i v a l  S a  o f  t h e  component 

may t h e n  b e  expressed as 

Thus t h e  problem of  de t e rmin ing  t h e  s u r v i v a l  p r o b a b i l i t y  S a  

r e d u c e s  t o  f i n d i n g  an  e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y  d e n s i t y  

P , ( z )  of  a f i rs t  occurence o f  t h e  v a l u e  a o f  t h e  v e h i c l e  

r e s p o n s e  a t  h e i g h t  z, 

3@ Amroxirnate  ExDression for P,(z) 

The d i f f i c u l t y  of o b t a i n i n g  a t r a c t a b l e  e x p r e s s i o n  f o r  

P , ( z )  becomes a p p a r e n t  i f  w e  n o t e  t h a t  f o r  a = 0 t h e  problem 

r e d u c e s  t o  t h e  c l a s s i c a l  z e r o - c r o s s i n g  problem f o r  which no 

g e n e r a l  s o l u t i o n  i s  known t o  e x i s t ,  We s h a l l  t h e r e f o r e  d e r i v e  

a n  approximate  e x p r e s s i o n  f o r  P,(z) which s h o u l d  be  v a l i d  f o r  

s u f f i c i e n t l y  l a r g e  va lues  o f  0 ,  

Fol lowing  an approach s imi l a r  t o  t h a t  used by Rice  and 

Beer i n  t h e  case o f  a s t a t i o n a r y  p rocessC3’ ,  w e  sha l l  e x p r e s s  

p,(zi as the p r o d u c t  

P 



where f a ( z  I 0 erqz! dz i s  t h e  p r o b a b i l i t y  o f  a c r o s s i n g  of 

q = a i n  t h e  i n t e r v a l  z ,  z t d z ,  g i v e n  no p r i o r  c r o s s i n g ,  and 

where t h e  e x p r e s s i o n  between b r a c k e t s  r e p r e s e n t s  t h e  p r o b a b i l i t y  

of  no c r o s s i n g  f o r  O < r < z ,  Assuming t h e  i n i t i a l  c o n d i t i o n  q = 0 

( f o r  z = 01, and t h u s  P ( 0 )  = 0 ,  and  s o l v i n g  t h e  i n t e g r a l  

e q u a t i o n  (21,  we o b t a i n  
a 

which i s  an e x a c t  e x p r e s s i o n  f o r  the  p r o b a b i l i t y  d e n s i t y  P a ( z )  

of a first c r o s s i n g  of q = a a t  z .  

I n  o r d e r  t o  o b t a i n  a more t r a c t a b l e  e x p r e s s i o n  f o r  P a ( z ) ,  

w e  r e p l a c e  t h e  f u n c t i o n  f a ( z l  O < r < z )  b y  p a ( z ) ,  where p a ( z )  d z  

i s  the  e x p e c t e d  number of upward c r o s s i n g s  o f  q = a i n  t h e  i n t e r v a l  

z ,  z + d z ,  and o b t a i n  t h e  approx ima t ion  

The assumpt ions  i m p l i e d '  by % h i s  approx ima t ion  w i l l  be  

i n d i c a t e d  . i i  the Anpendix, Let u s  n o t e  here ,  however,  Lnat 

subs t i t uc . ing  p ( z )  f o r  f , ( z l  O c r < z )  amounts t o  n e g l e c t i n g  t h e  

c o n d i t i o n  o f  no c r o s s i n g  o f  q = a o v e r  t h e  i n t e r v a l  0 ,  z i n  t h e  

f i rs t  f a c t o r  of t h e  r igh t -hand member of E q ,  ( 2 ) .  

a 
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It i s  w e l l  known c 4 '  t h a t  t he  e x p e c t e d  number o f  a - c ross ings  

p e r  u n i t  time o f  a s t a t i o n a r y  random f u n c t i o n  of t i m e  may be  

e x p r e s s e d  i n  terms of t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  of t h e  

f u n c t i o n  and i t s  d e r i v a t i v e .  

t h e  f u n c t i o n  p a ( z )  as 

I n  a s imi la r  way ,  w e  s h a l l  e x p r e s s  

P a ( d  = ( 5 )  

The f u n c t i o n  @ ; ( a , @ ;  z )  i s  t h e  z-dependent j o i n t  d e n s i t y  d e f i n e d  

by 

g(a,B; z )  dad6 = P r o b a b i l i t y  t h a t  a < q ( z ) < a + d a  and 
( 6  1 B<t ( z )  <B+dZB 

where ; ( z )  i s  t h e  d e r i v a t i v e  of t h e  r e s p o n s e  q ( z )  w i t h  r e s p e c t  

t o  t h e  h e i g h t  z .  

4, Approximate E x p r e s s i o n  f o r  t h e  S u r v i v a l  P r o b a b i l i t y  S, 

S u b s t i t u t i n g  i n t o  (1) t h e  approximate  e x p r e s s i o n  ( 4 )  

o b t a i n e d  f o r  P a ( z ) ,  w e  write 

S = 1 - [ t m p a ( z )  exp [ - / i p a ( r )  d r ]  dz a 

Not ing  t h a t  



we o b t a i n  

where t h e  i n t e g r a l  r e p r e s e n t s  t h e  e x p e c t e d  t o t a l  number o f  

c r o s s i n g s  o f  q = a d u r i n g  t h e  f l i g h t  o f  t h e  v e h i c l e .  S u b s t i -  

t u t i n g  from ( 5 )  f o r  p , ( z ) ,  we may a l s o  wr i te  

where g ( a , B ;  z )  i s  t h e  z-dependent j o i n t  p r o b a b i l i t y  d e n s i t y  

a e f i n e d  i n  (61 ,  

The e x p r e s s i o n s ( 7 )  and ( 8 )  o b t a i n e d  f o r  t h e  s u r v i v a l  

p r o b a b i l i t y  S a  of a given component o f  t h e  v e h i c l e  are approx- 

imate, They w i l l  be v a l i d  under  t h e  same c o n d i t i o n  as t h e  

approx ima t ion  (41 ,  namely t h e  c o n d i t i o n  t h a t  t he  v a l u e  q = u 

a t  which f a i l u r e  o c c u r s  be  s u f f i c i e n t l y  h i g h ,  as d i s c u s s e d  

i n  t h e  Appendix, It s h o u l d  a l s o  be n o t e d  t h a t  t h e  method 

j u s t  p r e s e n t e d  i s  a p p l i c a b l e  on ly  i f  i t  i s  p o s s i b l e  t o  

de t e rmine  from t h e  a v a i l a b l e  r e c o r d s  t h e  j o i n t  p r o b a b i l i t y  

d e n s i t y  g ( a , B ;  z >  of t h e  r e s p o n s e  q ( z )  and i t s  d e r i v a t i v e  

f o r  each  h e i g h t  z. 
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5 .  A p p l i c a t i o n  t o  the  Case o f  a Normal D i s t r i b u t i o n  of the 
Response and i t s  D e r i v a t i v e  

I f  q ( z )  and { ( z )  a re  normal ly  d i s t r i b u t e d  random v a r i a b l e s  

w i t h  means < q ( z ) >  and < ; ( z )> ,  where < > r e p r e s e n t s  an ave rage  

t aken  o v e r  an ensemble of f l i g h t s ,  t h e n  

where 

r = a - < q ( z ) >  , s = B - C ; l ( Z ) >  

and where t h e  d r e p r e s e n t  t h e  v a r i a n c e s  and cova r i ance  
i j  

w h i l e  IMI i s  the de terminant  

We may n o t e  t h e  fo l lowing  r e l a t i o n  between t h e  v a r i a n c e  

a i i ( z )  and t h e  covariance d l 2 ( z ) i  
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I n t r o d u c i n g  the  cova r i ance  f u n c t i o n  

we a l s o  n o t e  t h a t  t he  d may be e x p r e s s e d  i n  terms o f  t h e  
i j  

c o v a r i a n c e  f u n c t i o n  and its p a r t i a l  d e r i v a t i v e s  : 

S u b s t i t u t i n g  f o r  g(a,B; z )  from ( 9 )  i n t o  (51 ,  we o b t a i n  

a f t e r  i n t e g r a t i o n  

where 

We n o t e  t h a t ,  i f  q ( z )  i s  s t a t i o n a r y ,  
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and Eq ,  (15 )  r e d u c e s  t o  

which i s  t h e  e x p r e s s i o n  d e r i v e d  by S.O.  Rice f o r  t h e  

e x p e c t e d  number of upward a - c r o s s i n g s  p e r  u n i t  h e i g h t ,  

S u b s t i t u t i n g  now f o r  p a ( z )  frcm (15) i n t o  ( 7 )  we o b t a i n  

t he  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y  of  s u r v i v a l  i n  

t h e  c a s e  o f  a normal  d i s t r i b u t i o n :  

where d l l ,  t he  de t e rminan t  IMI, and p are f u n c t i o n s  of  z 

d e f i n e d  r e s p e c t i v e l y  i n  (lo), (11). and ( 1 6 ) .  
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11. Dete rmina t ion  of t h e  S u r v i v a l  P r o b a b i l i t y  o f  t h e  
Veh ic l e  from i t s  Dynamic C h a r a c t e r i s t i c s  and from 
t h e  S t a t i s t i c a l  C h a r a c t e r i s t i c s ,  of t h e  Wind F i e l d ,  

6 ,  S t a t e m e n t  o f  Assumptions and  O u t l i n e  o f  t h e  Proposed 
Methods 

We s h a l l  now c o n s i d e r  t h e  case  when t h e  s t r u c t u r e  of 

the  l aunch  v e h i c l e  may be approximated by a l i n e a r  model, 

and when t h e  wind-ve loc i ty  u ( z )  may b e  c o n s i d e r e d  a nor- 

m a l l y  d i s t r i b u t e d  random v a r i a b l e ,  S i n c e  t h e  r e sponse  of 

a l i n e a r  s y s t e m  t o  a Gausslan i n p u t  i s  i t s e l f  Gauss jan ,  

t h e  r e s p o n s e  q ( z )  of  the  v e h i c l e  and i t s  d e r i v a t i v e  ( ; ( z )  

w i l l  be  normal ly  d i s t r i b u t e d  and Eq, (18) w i l l  a p p l y ,  

As s e e n  i n  the p r e c e d i n g  s e c t i o n ,  a l l  parameters con- 

t a i n e d  i n  E q ,  ( 1 8 )  may b e  expressed i n  terms o f  t h e  mean 

v a l u e  <q(z)> o f  t h e  r e sponse  and o f  t h e  c o v a r i a n c e  f u n c t i o n  

Pqq(z1, z 2 )  and i t s  d e r i v a t i v e s ,  

assumed l i n e a r ,  t h e  mean v a l u e  < q ( z ) >  may be  o b t a i n e d  by 

computing t h e  r e s p o n s e  o f  t h e  s y s t e m  t o  t h e  mean va lue  

S i n c e  t h e  s y s t e m  i s  

< u ( z ) >  o f  t h e  wind v e l o c i t y  a t  each  e l e v a t i o n ,  and t h e  

c o v a r i a n c e  f u n c t i o n  Pqp(zl, 2,) may b e  e x p r e s s e d  as t h e  

double  c o n v o l u t i o n  o f  the  c o v a r i a n c e  f u n c t i o n  qu( z 1 , z 2 )  

o f  the wind-ve loc i ty  f i e l d  and of  t h e  impulse- response  

f u n c t i o n  of t h e  sys tem,  T h i s  w i l l  b e  desc r ibed  iii d e t a f l  

i n  S e c t i o n s  7 and 8 ,  
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An a l t e r n a t e  method w i l l  b e  p r e s e n t e d  i n  S e c t i o n  9 .  

It  i s  based on t h e  d e t e r m i n a t i o n  of  t h e  g e n e r a l i z e d  power 

spec t rum o f  t h e  wind-ve loc i ty  f i e l d  and on t h e  use  o,f a 

f requency-response  f u n c t i o n  which depends upon t h e  ele- 

v a t i o n  o f  t h e  v e h i c l e .  

It s h o u l d  be  n o t e d  t h a t  t h e  p roposed  methods e l i m i -  

n a t e  t h e  need f o r  two s e p a r a t e  a n a l y s e s  t o  p r e d i c t  t h e  

e f f e c t s  o f  wind shear and o f  a tmosphe r i c  g u s t i n e s s  on t h e  

launch  v e h i c l e ,  If a s u f f i c i e n t l y  r e f i n e d  wind-ve loc i ty  

measurement t e c h n i q u e  - s u c h  as t h e  s m o k e - t r a i l  method - 
i s  used  i n  compi l ing  the  s t a t i s t i c s  o f  t h e  wind f i e l d ,  t h e  

e f f e c t s  o f  b o t h  wind s h e a r  and a tmosphe r i c  g u s t i n e s s  w i l l  

be t a k e n  i n t o  accoun t  i n  t h e  computa t ion  of t h e  s u r v i v a l  

p r o b a b i l i t y  o f  t he  v e h i c l e ,  

Moreover, t he  proposed  methods have  t h e  advantage  of  

p r o v i d i n g  f o r  t h e  separate d e t e r m i n a t i o n  o f  t h e  s t a t i s t i c a l  

c h a r a c t e r i s t i c s  o f  t h e  atmosphere and of  t h e  dynamic 

c h a r a c t e r i s t i c s  o f  t h e  v e h i c l e  b e f o r e  t h e i r  combined e f f e c t  

on the r e s p a n s e  o f  t h e  v e h i c l e  i s  est imated,  Thus wind- 

v e l o c i t y  s t a t i s t i c s  compiled a t  a g i v e n  l o c a t i o n  may b e  

used  t o  de t e rmine  the s u r v i v a l  p r o b a b i l i t y  of s e v e r a l  

v e h i c l e s ,  while t h e  dynamic inalysis car r ied  on a g i v e n  

v e h i c l e  w i l l  be used  t o  p r e d i c t  i t s  r e s p o n s e  under  v a r i o u s  

t y p e s  of a tmosphe r i c  c o n d i t i o n s ,  

- 12 - 



8 .  

.. 

7 ,  Impulse-Response Funct ion  Method 

A s  i n d i c a t e d  above, we s h a l l  assume t h a t  t h e  r e s p o n s e  

q ( z )  of  t he  v e h i c l e  ,nay b e  d e f i n e d  as the  s o l u t i o n  o f  a 

l i n e a r  d i  f f e r e n t  i a1 e q u a t i o n  

where L r e p r e s e n t s  a d i f f e r e n t i a l  o p e r a t o r  w i t h  z-dependent 

c o e f f i c i e n t s  and u ( z )  t h e  wind v e l o c i t y  p r o f i l e ,  

q ( z )  may be e x p r e s s e d  as t h e  c o n v o l u t i o n  

The r e s p o n s e  

of  t h e  wind p r o f i l e  and of  t h e  f u n c t i o n  h ( z t ,  z )  r e p r e s e n t i n g  

t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  

The f u n c t i o n  6 ( z  - z l )  i s  t h e  D i r a c  de l t a  f u n c t i o n  and 

r e p r e s e n t s  a u n i t  wind impu l se  a t  h e i g h t  z ' .  The c o r r e s -  

ponding r e s p o n s e  h ( z ' ,  z )  w i l l  b e  re fe r red  t o  as t h e  impulse-  

r e s p o n s e  f u n c t i o n  o f  t h e  v e h i c l e .  

The mean va lue  o f  t h e  r e sponse  of  the v e h i c l e  a t  h e i q h t  

z i s  ob ta i r i ed  by a v e ~ a g i n g  bnth  members o f  Eq.  ( 2 0 )  o v e r  t h e  

ensemble o f  f l i g h t s  cons ide red .  We t h u s  have 
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and n o t e  t h a t  t h e  mean response  q ( z ) > m a y  b e  camputed as 

t h e  r e sponse  of t h e  v e h i c l e  t o  t h e  mean wind-ve loc i ty  

p r o f i l e  < u ( z ) >  a 

To o b t a i n  t h e  cova r i ance  f u n c t i o n  of  t h e  r e s p o n s e  q ( z )  

we s u b t r a c t  E q ,  ( 2 2 )  f r o m  Eq. (201, member by member, 

F 

and s u b s t i t u t e  i n t o  Eq,  (13). We have 

( 2 4 )  

where r e p r e s e n t s  t h e  c o v a r i a n c e  f u n c t i o n  o f  t h e  wind- 

v e l o c i t y  p r o f i l e :  
UU 

The f u n c t i o n s  d ( z )  used  f o r  t h e  d e t e r m i n a t i o n  of t h e  
i j  

s u r v i v a l  p r o b a b i l i t y  S a  are o b t a i n e d  by s u b s t i t u t i n g  f o r  e 
from ( 2 4 )  i n t o  t h e  r e l a t i o n s  ( 1 4 ) .  We have 

99 



. 
where h , ( z v ,  z )  d e n o t e s  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  z 

of t h e  impulse- response  f u n c t i o n  o f  t h e  v e h i c l e  . D i f f e r e n -  

t i a t i n g  b o t h  members of  E q ,  ( 2 0 )  w i t h  r e s p e c t  t o  z ,  we have 

and observe  t ha t  h Z ( z l ,  z )  may a l s o  be  viewed as t h e  impulse-  

r e s p o n s e  f u n c t i o n  of t h e  s y s t e m  whose o u t p u t  i s  e q u a l  t o  

I n  a c t u a l  computa t ions ,  t h e  i n t e g r a l s  i n  Eqs. (26), (271 ,  

and ( 2 8 )  w i l l  be r e p l a c e d  by sums. 

d ,  

F o r  i n s t a n c e ,  t h e  v a r i a n c e  

z )  w i l l  be e x p r e s s e d  as 

where n = z/Az, z i  = ( r  - l ) A z ,  and 2; = ( s  - 1)Az. 

e v a l u a t e  t h e  r igh t -hand member of  Eq .  (301 ,  i t  w i l l  be neces-  

sary t o  de t e rmine  h ( z i ,  z )  f o r  r = 1, 2 ,  e . , ,  n ,  and t h u s  t o  

s o l v e  Eq, ( 2 1 )  f o r  n d i f f e r e n t  v a l u e s  o f  z ' .  The number n 

of r e s p o n s e s  t o  be c a l c u l a t e d  may be estimated by n o t i n g  t h a t  

t h e  i n t e r v a l  Az shou ld  be  a p p r e c i a b l y  smaller t h a n  t h e  

smallest  wave-length t o  which t h e  v e h i c l e  i s  e x p e c t e d  t o  

r e spond ,  

To 

8,  Use of  t h e  Ad jo in t  S y s t e m  

iil' I [ , :  r:txsder df r e sponses  t o  be computed may be cons ide-  
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r a b l y  r educed  th rough  t h e  u s e  o f  t h e  a d j o i n t  s y s t e m ,  

a l t e r n a t e  approach  takes advantage  o f  t h e  f a c t  t h a t  t h e  

number of v a l u e s  of z f o r  which t h e  f u n c t i o n s  d 

b e  de te rmined  t o  o b t a i n  a good estimate o f  the  s u r v i v a l  

p r o b a b i l i t y  S i s  c o n s i d e r a b l y  smaller t h a n  t h e  ave rage  

number n o f  i n t e r v a l s  A z  which must be  used  i n  t h e  approx- 

i m a t i o n  shown i n  E q .  (30 ) .  

T h i s  

( z )  must 
i j  

a 

I n t r o d u c i n g  t h e  v a r i a b l e  5 = z - z '  and d e f i n i n g  t h e  new 

f u n c t i o n  

we write t h e  v a r i a n c e  i n  t h e  form 

which may be approximated by 

n n 

where n = Z / A C ,  5 ,  = r A 5  

v a l u e  of z t h e  f u n c t i o n  h ( z ;  5 )  depends only upon 5 and may 

be viewed as t h e  s o l u t i o n  of  t h e  d i f f e r e n t i a l  e q u a t i o n  

and 5 ,  = S A C  . Now, f o r  any g iven  

L,  q ( 5 )  = ( 3 4 )  

which d e f i n e s  t h e  response  o f  a c e r t a i n  s y s t e m  t o  a u n i t  

impulse  a p p l i e d  at  5 = 0 ,  T h i s  s y s t e m  i s  t h e  a d j o i n t  of t h e  
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v e h i c l e  s y s t e m  f o r  t he  g iven  h e i g h t  z and i t s  d i f f e r e n t i a l  

o p e r a t o r  L, may be o b t a i n e d  from t h e  o p e r a t o r  L of  t h e  v e h i c l e  

s y s t e m  c 5 3  S o l v i n g  Eq.  ( 3 4 )  f o r  a p a r t i c u l a r  va lue  o f  t h e  

<r p a r s m e t e r  z w i l l  y i e l d  t h e  r e s p o n s e  h ( z ;  5 ) f o r  a l l  v a l u e s  5 = 

and G = 5 ,  r e q u i r e d  i n  t h e  computa t ion  of d l l ( z )  f o r  t h e  h e i g h t  

z e  Thus t h e  number of d i f f e r e n t i a l  e q u a t i o n s  t o  b e  s o l v e d  i s  

e q u a l  t o  the  number of va lues  o f  z f o r  which t h e  f u n c t i o n s  

d.  ( z )  s h o u l d  b e  de te rmined  and,  as s ta ted  e a r l i e r ,  t h i s  number 

i s  c o n s i d e r a b l y  s m a l l e r  than t h e  number of  v a l u e s  o f  z v  f o r  

which t h e  o r i g i n a l  d i f f e r e n t i a l  e q u a t i o n  ( 2 1 )  s h o u l d  be s o l v e d .  

It s h o u l d  be n o t e d  t h a t  t h e  d e t e r m i n a t i o n  o f  t h e  r e sponse  

h ( z ;  5 )  i s  p a r t i c u l a r l y  s imple  when an a n a l o g  s i m u l a t i o n  of 

the  v e h i c l e  sys t em has been o b t a i n e d ,  

The comput a t  i on of t h e  f u n c t i o n s  d l , W  and 

b e  s i m i l a r l y  s i m p l i f i e d  through t h e  use  o f  

t h e  a d j o i n t  of t h e  system c h a r a c t e r i z e d  by  t h e  impulse- response  

f u n c t i o n  h, ( z ) ,  z )  , i , e , ,  t he  s y s t e m  whose o u t p u t  i s  e q u a l  t o  

t h e  d e r i v a t i v e  q ( z )  o f  t h e  r e s p o n s e  o f  i n t e r e s t .  
0 

g o  Frequency-Response Funct ion  Method 

We s h a l l  now c o n s i d e r  an  a l t e r n a t e  method f o r  t h e  com- 

p u t a t i o n  of  t h e  f u n c t i o n s  d ( z j  whicn i n v o l v e s  t h e  determi- 

n a t i o n  o f  a z-dependent f requency-response  f u n c t i o n ,  One of  
i j  

t h e  advan tages  of t h e  method i s  t h a t  t h e  concept  o f  f requehcy-  

r e s p o n s e  f u n c t i o n  i s  more fami l ia r  t o  s t r u c t u r a l  e n g i n e e r s  t h a n  
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t he  concept  of  impulse- response  f u n c t i o n ,  

g e n e r a l ,  a smaller number o f  c h a r a c t e r i s t i c  r e s p o n s e s  need  t o  

be computed t o  de t e rmine  t h e  s u r v i v a l  p r o b a b i l i t y  o f  the  

v e h i c l e  ( u n l e s s  t h e  a d j o i n t  s y s t e m  is  u s e d ) ,  A p o s s i b l e  

Another  i s  t h a t ,  i n  

drawback of t h e  method is t h a t  the  computa t ion  o f  t h e  f u n c t i o n s  

d ( z )  i s  based on t h e  knowledge o f  t h e  g e n e r a l i z e d  power 

spec t rum of t h e  wind-ve loc i ty  f i e l d ,  a f u n c t i o n  which must be 

o b t a i n e d  th rough  a double  F o u r i e r  t r a n s f o r n a t i o n  o f  t h e  cova- 

i j  

r i a n c e  f u n c t i o n ,  

The method i s  based on t h e  computa t ion  o f  t he  r e sponse  

of  t h e  v e h i c l e  t o  s i n u s o i d a l  wind p r o f i l e s  of  v a r i o u s  wave- 

numbers k. S e t t i n g  

ikz u ( z )  = e 

i n  Eq, (191, we o b t a i n  t h e  s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  

ikz L q ( z )  = e 

( 3 5 )  

which d e f i n e  t h e  d e s i r e d  r e s p o n s e s .  Denot ing b y  q ( z ;  k) t h e  

s o l u t i o n s  o f  Eq e (36  1 ,  we d e f i n e  t h e  f requency-response  f u n c t i o n  

H(z ;  k )  of t he  v e h i c l e  by s e t t i n g  

q ( z ;  K j  = H(z; k )  e i k z  ( 3 7 )  

We n o t e  t h a t ,  c o n t r a r y  t o  t h e  c a s e  o f  a s y s t e m  c h a r a c t e r i z e d  by 

a d i f f e r e n t i a l  o p e r a t o r  w i t h  c o n s t a n t  c o e f f i c i e n t s  , t h e  f requency-  

r e s p o n s e  f u n c t i o n  of t h e  v e h i c l e  depends upon t h e  v a r i a b l e  z ,  

- 18 - 



S u b s t i t u t i n g  f o r  q ( z )  and u ( z ) ,  r e s p e c t i v e l y ,  from ( 3 7 )  and 

(35)  i n t o  ( 2 0 ) ,  and d i v i d i n g  b o t h  members b y  eikz,  we o b t a i n  t h e  

f o l l o w i n g  r e l a t i o n  between the  f requency-response  f u n c t i o n  and 

t h e  impulse- response  f u n c t i o n  

o r ,  s e t t i n g  z - z ’  = 5 and w r i t i n g  t h e  impulse- response  f u n c t i o n  

i n  the form i n t r o d u c e d  i n  ( 3 1 ) ,  

The l a s t  r e l a t i o n  shows t h a t  t he  f requency-response  f u n c t i o n  o f  

t he  v e h i c l e  may be d e f i n e d  a t  each  h e i g h t  z as t h e  F o u r i e r  

t r a n s f o r m  i n  o f  t he  impulse- response  f u n c t i o n  h ( z ;  S ) .  

We s h a l l  now d e f i n e  t h e  g e n e r a l i z e d  power spec t rum o f  t h e  

w ind-ve loc i ty  f i e l d  as t h e  double  F o u r i e r  t r a n s f o r m  o f  t h e  

c o v a r i a n c e  f u n c t i o n  o f  t h e  f i e l d .  “1 We wri te  

The i n v e r s e  t r a n s f o r m a t i o n  y i e l d s  

S u b s t i t u t i n g  f o r  puu(Zi, z;) from (41) i n t o  ( 2 4 ) ,  and u s i n g  

(38),  we e x p r e s s  t h e  cova r i ance  f u n c t i o n  of  t h e  r e s p o n s e  as a 
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double  c o n v o l u t i o n  of the  f requency-response  f u n c t i o n  o f  t h e  

v e h i c l e  and the g e n e r a l i z e d  power spec t rum o f  t h e  wind f i e l d  

where H*(z; k )  d e n o t e s  t h e  c o n j u g a t e  o f  H(z; k ) ,  

S u b s t i t u t i n g  f o r  v q q ( z 1 ,  z 2 )  from ( 4 2 )  i n t o  t h e  r e l a t i o n s  

(141, we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  f u n c t i o n s  

diJ ( z )  : 

d l l ( z )  = - 1 l l a Q ) H * ( z ;  k l )  H(z;  k 2 )  
( 2 n )  

where H,(z; k) deno tes  the  d e r l v a t i v e  of t h e  f requency-response  

f u n c t i o n  w i t h  r e s p e c t  t o  z ,  
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An a l t e r n a t e  e x p r e s s i o n  f o r  t h e  f u n c t i o n s  d ( z ) ,  i nvo lv ine ;  i S  
a s i m p l e  c o n v o l u t i o n  fo l lowed by a s i n g l e  F o u r i e r  t r a n s f o r m a t i o n ,  

may b e  o b t a i n e d  by i n t r o d u c i n g  t h e  new c o o r d i n a t e s  

Noting t h a t ,  a f t e r  t h i s  change of  v a r i a b l e s ,  t he  exponent  i n  

E q -  (1.1) takes t h e  form 

w e  i n t r o d u c e  t h e  new wave-numbers 

S o l v i n g  Eqs, ( 4 6 )  and ( 4 7 )  f o r  t he  o l d  v a r i a b l e s ,  s u b s t i t u t i n g  

i n t o  E q ,  ( 4 0 ) ,  and i n t r o d u c i n g  t h e  new f u n c t i o n s  

we o b t a i n  t h e  r e l a t i o n  

which p r o v i d e s  an a l te rna te  way f o r  computing t h e  g e n e r a l i z e d  

power spec t rum.  We n o t e  the f o l l o w i n g  p r o p e r t y  o f  s y m m e t r y :  
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. .  

C a r r y i n g  t h e  new v a r i a b l e s  ( 4 6 )  and ( 4 7 )  i n t o  E q s ,  ( 4 3 ) .  

( 4 4 ) ,  and  (451,  we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  

f u n c t i o n s  d ( z ) :  
i j  

where 

D i l ( z ;  E ) =  H*(z; k -  s) "(2;  k + r) GUu(k; ~ ) d k  (52) 
2 2 

K )  = [H*(z; k - 5) - i ( k  - 5)  H*(z; k = k ) ]  
2 2 2 z D,, ( z ;  

2 n  = O D  

D,,(z; K )  = [H;(z; k - -) K = i ( k  - -) K H*(z; k - 513 
2 n  2 2 2 

-m 

The f u n c t i o n s  d ( z )  may t h u s  be o b t a i n e d  b y  a s i n g l e  F o u r i e r  
i j  

t r a n s f o r m a t i o n  from the f u n c t i o n s  D (z ;  K ) ,  which are 

themse lves  o b t a i n e d  by forming s imple  c o n v o i u t i o n s  of' t h z  
1 3  

g e n e r a l i z e d  power spectrum and o f  t h e  f requency-response  f u n c t i o n  

and i t s  d e r i v a t i v e ,  We n o t e  t h a t ,  w h i l e  t h e  f u n c t i o n s  

Di j (z ;  E )  are n o t  t h e  F o u r i e r  t r a n s f o r m s  o f  t h e  f u n c t i o n s  

- 22  - 



._ 

d i j ( z )  - s i n c e  they  a r e  themselves  dependent  upon z - t h e y  

s a t i s f y  t h e  symmetry r e l a t i o n  

which w i l l  h e l p  i n  r educ ing  t h e  length o f  t h e  n u m e r i c a l  

computa t ions  e 
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APPENDIX 
. .  

, .. Tc o b t a i n  a b e t t e r  u n d e r s t a n d i n g  o f  t h e  e r r o r  i n v o l v e d  i n  

t h e  use  o f  t he  approximat ion  ( 4 )  

f o r  t h e  p r o b a b i l i t y  d e n s i t y  o f  a f i rs t  occurence  o f  t h e  v a l u e  

q = a ,  we s h a l l  compare t h i s  approx ima t ion  w i t h  t h e  e x a c t  v a l u e  

of P , ( z ) .  T h i s  v a l u e  may b e  e x p r e s s e d  as a se r ies  of i n t e g r a l s  

L briruugii  ._ 0 - L - - 4  u L  ur5.. -~+C-+- .~ -v -$  -.. -- .. -_ g p y l i  eat..ton of t h e  i n c l u s i o n  and 

e x c l u s i o n  method as i n d i c a t e d  i n  [ 4 1 :  

where p ( r 1 ,  r 2 ,  r 3 , . s + ,  r,, z )  d r l d r 2 . . ,  d r  dz i s  t h e  p r o b a b i l i t y  

o f  c r o s s i n g s  of q = a w i t h  a p o s i t i v e  s l o p e  i n  i n t e r v a l s  

rl, rl + d r l ;  r 2 #  r2  t dr2; rnB rn + dr, ,  and 2, z + dz ,  

Expanding t h e  e x p o n e n t i a l  i n  ( 4 )  i n  a s e r i e s ,  w e  o b t a i n  

- 2 4  - 
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.. 

S u b t r a c t i n g  (A-3) from (A-2) term by term y i e l d s  t h e  d i f f e r e n c e  

between t h e  e x a c t  and approximate e x p r e s s i o n s  for P a (  z )  

( A - 4 )  

We t h u s  check t h a t  the  e r r o r  i n  t h e  approximat ion  (4) i s  

due t o  n e g l e c t i n g  the  dependence of an a -c ross ing  a t  a p a r t i c u l a r  

h e i g h t  on p r e v i o u s  a -c ross ings  s i n c e ,  i f  the  c r o s s i n g s  are 

i n d e p e n d e n t ,  

T h i s  appears t o  be a r e a s o n a b l e  assumption f o r  o u r  

p a r t i c u l a r  a p p l i c a t i o n  s l n c e  one wouid e x p e c t  a fc r  l a r g e  sral~es 

o f  u ,  t ha t  t h e  a -c ross ings  would indeed  b e  rare e v e n t s  and as 

such  c o u l d  be t r e a t e d  as independen t  e v e n t s ,  

- 25 - 
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